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Abstract—We presented a new method for calculating
the relative pose between two calibrated cameras. The 5-
point method has been proved in numerous publications
to be state-of-the-art in terms of accuracy, however for
the important forward motion case it is significantly less
accurate than the 8-point method. This paper present a novel
method to calculate the relative pose which combines the
accuracy of the 5-point method with the accuracy of the 8-
point method when having a forwards motion. A secondary
aspect of our method is the simplicity. Estimation the ego
motion from 5 points can be done in real-time, but the
implementation is complex and takes quite a bit of effort.
Our approach is simpler and still has the potential to run
in a real-time system.

I. INTRODUCTION

This paper studies the problem of positioning cameras
and estimating structure from multiple views, known
as Structure and Motion (SaM). The paper focuses on
one part of SaM, namely the problem of position one
camera relative another. When the internal structure of
the camera/cameras is unknown the relative pose esti-
mation problem is usually solved by the well known 7-
point method [1]. Solving the relative pose problem is
frequently used in many application types.

A related and equally important case is for calibrated
cameras where the intrinsic camera parameters are known.
In some cases they are estimated before from the images,
but more common is when a special camera calibration
pattern is used in a separate calibration step. In order to
calibrate a camera it needs to have fixed optics and be
available for calibration, typically the case when a camera
is mounted on a robot or a vehicle. Having a calibrated
camera makes the problem of determining the relative
pose can be further constrained and thus more robust.
Instead of needing 7 point correspondences between two
images we only need 5 for solving the problem. Using
5 point correspondences to solve the pose estimation
problem has been shown in numerous papers [2], [3],
[4] to be significantly more robust then using other less
constrained solutions i.e. 7-point or 8-point methods.

There are however drawbacks with the 5-point method.
Foremost its sensitive to forward motion, camera motion
of this kind are common to certain applications, i.e.
autonomous navigation where a robot or a vehicle has
a forward looking camera. This has been observed in
several publications [3], [4], [2], they all show that for
the forward motion case the 8-point method significantly
out performances the 5-point method. Compared to the

7-point or 8-point it has significant larger compute com-
plexity and is nontrivial to implement it in real-time. In
this paper we aim to solve some of these issues.

II. PREVIOUS WORK

There are several proposed solutions for the 5-point
problem ranging from Faugersa early work [5] to more
recent work [6], [4], but the current state-of-the-art is
published by David Nistér [3]. In [3] Nistér shows how
to solve the 5-point problem for 2 or 3 views well within
video real-time.

We propose an iterative method that handles the for-
ward case as good as the 8-point method and the sideway
case as good as the 5-point method. This is done seam-
lessly without switching between two cases, which is of
importance because of the natural occurring continuum
between the straight forward case and the sideway motion.

The implementation effort of the current state-of-the-
art method is high. We have developed a method with less
complexity and thus simpler to implement. An important
aspect of the current state-of-the-art method is the com-
pute complexity of the solver. In order to make a new
method relevant we need it to reach similar execution
speed.

To summarize this in 3 goals, ordered with respect to
importance:

1) To handle the forward case better than the 5-point

method, without any method switching.

2) Make a method that is simpler to implement.

3) Make the computational speed on pair with the

state-of-the-art method [3].

III. FIVE POINT PROBLEM

The Epipolar constraint on corresponding points be-
tween two views are as follows

p' Ep. (1)

Where p = [p1, p2,p3]T is a point in one image and
p’' = [p, ph, p]7 is the corresponding point in the second
image. This can notated as a dot product between two
vectors
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Given five points in one image p; = [z1,y1,1]7...,
ps = [75,95,1]7 and their corresponding points in a
second image p’y = [z}, vy}, 7., p'5 = [z}, 95, 1]%.
It is possible to construct 5 equations and form a linear
equation system. The solution for the 5-point problem
lies in the 4-dimensional right null-space of the equation

system

qf -E
Aszg = : =0, (3)
aj -E
and can be written as
E*=aX +bY 4+ cZ + dW. 4)

There are additional conditions that has to be satisfied
in order for E to be a true essential matrix:

1
EETE — 5tmce(EET)E =0.

By further derivation one of the result is a constraint on
the three singular values, the two biggest singular values
should be equal and the last should be 0 [, o, 0]7.

A. The proposed method

Our approach is to solve the relative pose problem
by an iterative solver, which is initiated with the result
from a linear system using more than 5-points. The idea
is to find the 5-point solution by iterating between two
conditions, the singular value condition (rang 2 constraint)
and that the solution should lie in the 4-dimensional linear
subspace (4).

The method can be divided in to four steps, where
the two first are the initial steps and the last two are
the iteration steps. For the initiation solution the 8-point
method is used, which uses 8 point correspondences
resulting in a linear equation system and is very fast to
solve.

ai -Eo
Agzg = : =0. )
ai - Eo

The null-space to this equation system is an 8 dimensional
vector that corresponds to our initial estimate Eq of the
Essential matrix. An observation worth mentioning is that
the Essential matrix has 9 elements in the matrix but only
8 degrees of freedom and is invariant to multiplication
with an arbitrary scalar, and that is why we only need 8
points to uniquely determine the Essential matrix.

Next we pick 5 point correspondences out of the 8 and
solve

af -E
A5y = : =0 (6)
qf -E
which results in the 4-dimensional subspace

E =aX +bY + ¢Z + dW

spanned by the four 3x3 matrices X,Y,Z, W. This
subspace contains the solution for the 5-point problem.

Here begins the iterative part of the algorithm (step 3),
we start by enforce the rang 2 constraint on Ej. This is
achieved by a singular value decomposition of E; where
the new estimate of the Essential matrix is constructed by
setting the singular values to [1,1,0]%.

E, = USV7T
E, =US*VT s8* =[1,1,0

The result from the previous step E is then used to solve
a, b, ¢, d from the over determined linear equation system
(7). The nine elements eq1,...,e33 in the vector on the
right hand side are the elements of the matrix Ej.
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The solution a, b, ¢, d is then used to get the next estimate
of the Essential matrix

Eji1 = aX +bY + cZ + dW.

Exit the iteration loop if the solution has converged to a
desired precision, or if the upper iteration limit has been
reached, else go to step 3.

IV. EFFICIENT IMPLEMENTATION

There are three matrix operations involved in the pro-
posed method. First a solver for the basis of the null-
space of a matrix, this is applied to both an 8x9 matrix
and an 5x9 matrix. This is usually done with a Singular
Value Decomposition (SVD), but it is more efficient
(and accurate enough) to use an ordinary Gauss-Jordan
elimination.

The second operation is a SVD of a 3x3 matrix. When
the size of the matrix is fixed at 3x3 the singular values
can be solved by solving a third grade polynomial, and
this can be efficiently implemented in numerous ways [7],
[8].

The last operation that is needed is a linear least square
(LLS) solver to solve the 9x4 overdetermined equation
system. The LLS solution can partly be solved before
entering the iterative loop.

V. RESULT
A. Experiment

We have tested the algorithm on a synthetic data set,
which consists of 250 randomly positioned world points
viewed by a camera moving both sideways and forward.
Gaussian noise ( N(0,0) ) was added to the projected
image points. The noise is varied between 0 and 1 stan-
dard deviation, where 1 standard deviation is equivalent
to one pixel in an image with the size 1024x1024. The
horizontal view-angle is set to 45 °. The proposed method
is compared to both the 5-point method and the 8-point
method. All three were ran within a RANSAC [9] loop,



200 iterations were the solution that is closest to ground-
truth is used. This was ran for 100 different world point
configurations.

Figure 1 show results from sideways motion and figure
2 is equal but for forward motion. On the x-axis are the
different noise levels, and on the y-axis are the relative
position error. This clearly shows the differences with
respect to accuracy between the 5-point and the 8-point
method. It also shows that the proposed method performs
equally to the 5-point in the sideway case and it performs
equal to the 8-point,
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Fig. 1. Accuracy for forward case.
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Fig. 2.

Accuracy for sideways motion.

B. Compare to the minimal case

A valid argument against the proposed method is that
it is not the minimal case for solving the pose estimation,
giving it an disadvantage when running the solver in a
RANSAC loop.

On first glance it looks like the 5-point method needs
three less point correspondences to estimate a model
within a RANSAC loop, this is however not entirely
true. The 5-point solution results in up to 10 different
solutions and to solve this ambiguity we need more
information. There are several solutions to this problem,

Nister proposes in [3] to use an additional point making
the count 6 points. The extra point can also be used for
a preemptive cancellation before continuing with more
expensive model evaluation [10].

If desired it would be possible to create an initial guess,
for the proposed method, by using the 7 point method
instead of the currently used 8 point method. Reducing
the difference on needed points from three to one, and
in terms of extra iterations for RANSAC. If the model
assumption is to have either inliers or outliers (which is
not an entirely valid assumption [11]) the number of extra
iterations can be determined, see V-B.

RANSAC, around 200 iterations
Inlier percentage 50% | 60%
Additional iterations | 76% | 3.4%

70%
" 0.0%

VI. CONCLUSION

We have presented a new method for calculating the
relative pose between two calibrated cameras. Its biggest
strength is the stable performance over several types of
camera motions such as forward and sideway motions.
This strength has been shown to be continues over varying
noise levels. Another strength of the method is its simplic-
ity, and it is relative straight-forward to implement with
standard mathematical operations, and with little tweaking
the performance is on pair with the current state-of-the-art
method.
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